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Abstract. The purpose of this paper is to provide methods for determining the as- 
sociated primes of (I(H) V ) 2 for an m-hypergraph H. We prove a general method for 
detecting associated primes of the square of the Alexander dual of the edge ideal based 
on combinatorial conditions on the m-hypergraph. Also, we demonstrate a more efficient 
combinatorial criterion for detecting the non-existence of non-minimal associated primes. 
In investigating 3-hypergraphs, we prove a surprising extension of the previously discov- 
ered results for 2-hypergraphs (simple graphs). For 2-hypergraphs, associated primes 
of the square of the Alexander dual of the edge ideal are either of height 2 or of odd 
height greater than 2. However, we prove that in the 3-hypergraph case, there is no such 
restriction - or indeed any restriction - on the heights of the associated primes. Further, 
we generalize this result to any dimension greater than 3. Specifically, given any integers 
m, q, and n with 3 < m < q < n, we construct a m-hypergraph of size n with an 
associated prime of height q. We further prove that it is possible to construct connected 
m-hypergraphs under the same conditions. 



Introduction 
An m-hypergraph is a vertex set {x\, ...,x n } and an edge set 

\\ x h ) •••> x im}i \ x h ' x jm\i •••} 

where each edge joins m vertices. Many combinatorial properties of hypergraphs have been 
defined and studied. However, it is possible, and often advantageous, to study hypergraphs 
from an algebraic rather than a combinatorial point of view. This is done by associating 
to the vertex set a polynomial ring in n variables over a field and associating to the edge 
set an ideal, /, called the edge ideal in that ring. The edge ideal is the ideal generated 
by monomials x^ ■ ■ ■ xi m where {x^ , Xi m } is an edge. There is a further function called 
the Alexander dual that transforms the edge ideal of a hypergraph into another ideal, I v , 
obtained via intersection of ideals of the form (x^, ...,Xj m ) where {x^, ...,Xi m } is an edge. 
This new ideal has the interesting property that the minimal generators correspond exactly 
to the minimal vertex covers of the hypergraph. We can also take symbolic powers of the 
Alexander dual, which have slightly different properties. In particular, the symbolic kth. 
power of the Alexander dual is generated by the monomials corresponding to the fc-covers 
of the hypergraph, while the ordinary kth powers of the Alexander dual are generated by 
the fc-covers that are sums of 1-covers, a phenomenon that has been studied by Herzog, 
Hibi and Trung [3j, Gitler, Reyes and Villarreal [2], Fransisco, Ha and Van Tuyl p] and 
other mathematicians. Herzog, Hibi and Trung prove in [3] that the algebra of vertex 
covers of a hypergraph (the symbolic algebra of the Alexander dual) is finitely generated. 
It is proven in PQ that in the case of 2-hypergraphs (or simple graphs), the associated 
primes of (i v ) 2 correspond to the edges of the graph, and to the odd induced cycles. 

We prove in Theorem 12.61 of this paper that for any integers n, q and m with n > q > 
m > 3, there exists an m-hypergraph of any size n such that the square of the Alexander 
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dual of the edge ideal of the m-hypergraph has an associated prime of height q. We also 
prove that for m-hypergraphs, it is not possible to have an associated prime of height 
less than m. Further, we have a generalized statement (Theorem 1 1 . 6j) for m-hypergraphs 
that an associated prime for an induced subhypergraph is an associated prime for the full 
hypergraph. Using the above statements, one can prove that for any dimension higher 
than 2, there are connected hypergraphs of any size with any possible height of associated 
prime. These results are in stark contrast with the behavior of 2-hypergraphs, where it 
is not possible to obtain associated primes of even height greater than 2 (Theorem 1.1 
PQ). Also, we have in Theorem 11.41 a necessary and sufficient combinatorial criterion for 
determining the existence of and an explicit description for the associated primes. Briefly, 
the method involves finding a 2-cover that is not the sum of two 1-covers - this represents an 
element not in (I(H) V ) 2 . Next, we note which, if any, components it is possible to increase 
by 1 to make a 2-cover that is the sum of 1-covers, and prove that adding anything to any 
other component does not make a sum of two 1-covers. Then the components noted in the 
second step correspond to the generators of an associated prime. This method provides a 
nice combinatorial gateway between the structure of the hypergraph and the structure of 
the algebra. 

While we have found numerous examples to show that the elements of a cycle do not 
necessarily generate an associated prime, it is an interesting open question as to whether 
the converse is true. Further, although in many examples the associated primes of higher 
powers of the Alexander dual appear to be the same as for the second power, this is not 
true in general. Two examples due to Christopher Francisco in which the third power of 
the Alexander dual has a number of associated primes which are not associated primes for 
the square are the 3-hypergraph with edge ideal 

(X2X4XS, X3X5XQ, X4XJX9, XqXsXq, X3X4X7, X1X2X9, X1X4XQ, X\XgXg, X2X5XQ , X^X^Xq) 

and the complete 2- hypergraph on five vertices. 

I would like to thank Dr. Christopher Francisco for his guidance in this project. 



An m-hypergraph, H, is a vertex set V = {x±, X2, x n } and an edge set E such that 
the elements of E are subsets of V containing m distinct elements. The size of H is said 
to be the size of V. A 2-hypergraph is a simple graph (a graph with no loops or multiple 
edges). 

The edge ideal / of an m-hypergraph H of size n with edge set E and vertex set V is 
the ideal generated by the monomials formed by multiplying all the vertices that make up 
an edge in a polynomial ring in n variables over a field. The Alexander dual of an edge 
ideal / is 



In a 2-hypergraph with n vertices, a fc-cover is a non-zero element of N ra , (01, ci2, a n ), 
such that for every edge {xi,Xj}, en + chj > k. The definition extends nicely to m- 
hypergraphs: for every edge {x^^x^, ...,Xi m } we have + aj 2 + • • • + ai m > k. Note 
that any fc-cover is a 0-cover. If a A;-cover A can be written as A = B + C where B is 
a p-cover and C is a (k — p)-cover, then the fc-cover A is said to be reducible. Other- 
wise, A is said to be irreducible. A fc-cover (01, 02, a n ) corresponds to the monomial 
^" . For a /j-cover A, we will call the corresponding monomial A. Note that for 



1. Tools for Detecting Associated Primes 
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any monomial Q, there is a k > and a /c-cover P such that Q = P. We also have the 
observation that for /c-covers A and B, A + B = (A)(B). 

Lemma 1.1. For all A; > 1, the symbolic /cth power of the Alexander dual, defined by 

{I )^ = ] I j , Xj 2 , Xj m ) 

is generated by the the monomials corresponding to /c-covers. 

Proof. Since the intersection of powers of monomial ideals is a monomial ideal, it suffices 
to show that any monomial in (/ v )( fc ) corresponds to a /c-cover and vice versa. Let M G 
(p/)W kg a morlom i a l. Since M is a monomial, there exists a 0-cover P = (pi, ...,p n ) such 
that M = P. Since M G (P 7 )^, M G (x^ , x i2 , x im ) fc for all edges {x h ,x i2 , ...,x im j G P. 
Thus for all edges {x^x^, ...,Xj m } G E, the sum of the exponents on x^x^, —,Xi m must 
be at least k. Since M = x^ 1 • • • Xn™, we have +Pi 2 + ■ ■ ■ +Pi m > A;. Thus P is a /c-cover. 
Reversing the argument, we see that for every /c-cover P, P G (I v ) <yk \ □ 

Thus the following facts are true: The monomials corresponding to irreducible 1-covers 
are minimal generators for I v , and the monomials corresponding to 2-covers are generators 
for (P 7 )^ 2 ) . Similarly the monomials corresponding to 2-covers that are the sums of 1-covers 
are generators of (P v ) 2 . 

By localizing at prime ideals, one can see that (x^ , Xj 2 , Xj m ) is a minimal prime of 
(P v ) 2 if and only if {xj 1; Xj 2 , Xj m } G P. If P\, P2, P r are the other (possibly non- 
existent) associated primes of (P 7 ) 2 (embedded primes), 



(i) (iy = 



nQinQ 2 n... nQ r 



J J (Xj x , Xj 2 , Xj m ) 

where is Pj-primary. 

Suppose that H is an m-hypergraph. A set of vertices S is an independent set if no 
edge contains only vertices in S. The neighborhood of an independent set S, N(S), is 
the set of vertices x, ^ S such that there is an edge {xi,Xj 1 , ...,Xj m } such that all of the 
Xj t are in S. Suppose S is an independent set, and T is the neighborhood of S. Define 
A s = (ai, a n ) where cij = if Xj G 5, aj = 2 if x% G T and = 1 if x« £ S 1 U T. 

Proposition 1.2. Let P be an m-hypergraph. 

1. Suppose S 1 is an independent set in P. Then A s is a 2-cover. 

2. Suppose IF is a 2-cover, such that W ^ A s for all independent sets S. Then there 
exists a 2-cover A = j4 s for some independent set S and a 0-cover Y such that 
W = X + Y. 

Proof. Let P be an m-hypergraph of size n with vertex set V and edge set P. 

1. Suppose S is an independent set in P. Then we have A s = (01, ...,a m ) where aj = 
for Xj G 5, dj = 2 for x« G A(S') and a« = 1 for x« G V — S — N(S). Let {x^ , —,Xi m } be an 
edge in P. We must show that + Oj 2 + ■ • • + Oj m > 2. Since S 1 is independent, at least 
one of Xj 15 ...,Xj m is not in S 1 . Since = implies Xj G S 1 , at least one of a^a^, ■ ■■,cn rn 
is non-zero. If more than one of these is non-zero, we are done. Suppose exactly one of 
these, say dj fc , is non-zero. Then we have X{. G S 1 for j 7^ /c. Thus Xj fe G N(S), so aj fc = 2, 
and + aj 2 + ■ • • + aj m = 2 > 2. So A s is a 2-cover. 

2. Suppose IF = (w\,W2, ■■■,w n ) is a 2-cover, W ^ A s for all independent sets S. Let 
S 1 = {xi I u>j = 0}. Then S is an independent set since if there was an edge {x^, ...,Xj m } 

3 



such that {:%, ...,Xj m } C S, then + ... + Wi m = 0, and this cannot happen since W 
is a 2-cover. We will show that W — A s is a 0-cover. Let a;,- € N(S). Then there is an 
edge {xj,Xi 2 , ...,Xi m } such that {xi 2 , Xi m } C 5. Thus w;^ = for 2 < k < m. Since 
is a 2-cover, iOj = Wj + u>j 2 + • • • + Wj m > 2. Further, by our definition of S, w% > 1 for 
all x» ^ 5. Thus - ^ s € N n . Also, since W ^ A s , W - A s ^ 0. Since any nonzero 
element of N™ is a 0-cover, we have W — A s is a 0-cover. ^4 S is a 2-cover by part 1, so we 
have W = A s + (PF — A s ) which proves the proposition. □ 

Theorem 1.3. Let be an m-hypergraph with edge ideal /. Then (I v ) 2 has no non- 
minimal associated primes if and only if for every independent set S C V, A s is a sum of 
two 1-covers. 

Proof. Let H be an m-hypergraph with edge ideal I. 

Suppose (/ v ) 2 has no non-minimal associated primes. Then by equation (pQ), 

{I ) = |^| ( x ii, Xi 2 , Xi m ) . 

But we also have 

{I ) = (^1 (^n 5 > •••! X <m ) ' 

so (I v ) 2 = (I v )( 2 ). Further, we know that (I v ) 2 is generated by the 2-covers that are the 
sums of 1-covers and (/ v )( 2 ) is generated by the 2-covers. Thus the 2-covers are generated 
by the 2-covers that are the sums of 1-covers. Thus if A is a monomial corresponding to 
a 2-cover, A = QB where B is a 2-cover and Q is another (non-zero) monomial. Thus we 
can write A = QB1B2 where B\ and B2 are 1-covers. Further, QB\ must also correspond 
to a 1-cover, so A is the sum of two 1-covers. 

Now suppose that for every independent set S, A s is a sum of two 1-covers. Let B be 
a 2-cover. Then by proposition 11.21 B = A s for some independent set S, or B = W + A s 
for some 0-cover W and some independent set 5. Whichever is the case, we can say that 
A s = Q 1 + Q 2 for two 1-covers Qi and Q 2 . So B = Q 1 + Q 2 or B = (W + Q x ) + Q 2 - 
Since W + Qi is a 1-cover as well, B can be written as the sum of two 1-covers. Thus the 
set of 2-covers equals the set of 2-covers that can be written as the sum of two 1-covers. 
Therefore, (/ v ) 2 = (/ v )( 2 ). So 

{I ) = l^j fail 7 X{ 2 , Xi m ) . 

{xi 1 ,Xi 2 ,...,Xi rn }£E 

Since (2^,2^, ...,Xj m ) 2 is (xi 1 ,Xi 2 , xi m )-primary, we have the irredundant primary 
decomposition, so the only associated primes of (I v ) 2 are the minimal primes. □ 

We also have the following result, which can be invaluable in detecting associated primes: 

Theorem 1.4. Let H be an m-hypergraph of size n. Then an ideal P C K[x\, x n ] is a 
non-minimal associated prime of (I(H) V ) 2 if and only if P = (x^, Xi q ) and there exists 
a 2-cover C that is not the sum of two 1-covers such that X{.C corresponds to a 2-cover 
that is the sum of two 1-covers for any j < q, and for any W £ (x^, ...,Xi ), WC does not 
correspond to a 2-cover that is the sum of two 1-covers. 

Proof. Suppose the ideal P C K[x\, ...,x n ] is a non-minimal associated prime of (I(H) V ) 2 . 
Since (I(H) V ) 2 is a monomial ideal, P = (x^, ...,Xi q ). Then there exists some monomial 
Z such that ((I(H) V ) 2 : Z) = P. Since Z is a monomial, there exists some 0-cover 
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C = (ci, c„) such that Z = C. Note that Xi .Z G (I{H) V ) 2 for all j < g. Since (I{H) V ) 2 
is generated by the monomials corresponding to 2-covers that are the sum of two 1-covers, 
Xj . Z corresponds to a 2-cover that is the sum of two 1-covers for all j. Further, since Z 
cannot be in (I(H) V ) 2 , C cannot be the sum of two 1-covers. Since P is non-minimal, P 
has height at least m+ 1. Let R = (ri, r n ) be the 0-cover such that R = Xi x Z. Then R 
is the sum of two 1-covers. Suppose that A = {x Ql , ...,x am } is an edge such that x^ £ A. 
Then we have r ai + • • - + r am > 2. But for i ^ i\, ri = c^. Thus c ai + • • ■ + c am > 2. Suppose 
that B = {xfej , Xf, m } is an edge where b\ =i\. Then, since P has height greater than m, 
there exists k such that k = ij for some j and k ^ bj for all j. Let S = (s\, s n ) be the 
0-cover such that S = x^Z . Then S is the sum of two 1-covers. Thus + • • • + Sf, m > 2. 
But Si = Ci for alH ^ k. Since k ^ 6j for all j, + ■ • • + Cf, m > 2. Thus C is a 2-cover. 
Let W £ P. Then we have WZ <£ (I(iJ) v ) 2 . Thus WC = WZ does not correspond to a 
2-cover that is the sum of two 1-covers. 

Now suppose that C = (ci,...,c n ) is a 2-cover that is not the sum of two 1-covers, 
and that Xj C corresponds to a 2-cover that is the sum of two 1-covers for all j < q 
and for any W £ (x^, ...,Xi ), WC does not correspond to a 2-cover that is the sum of 
two 1-covers. Since (I(H) V ) 2 is generated by the monomials that correspond to 2-covers 
that are the sum of two 1-covers, C £ (I(H) V ) 2 and Xj-.C G (7(ff) v ) 2 for j < q. Thus 
{ Xil ,...,x iq ) C ((/(^) v ) 2 : C). Further, we have for W £ (x^ , x iq ), PFC ^ (/(i/) v ) 2 . 
Thus (x^, ...,XjJ = ((I(H) V ) 2 : C). Since (x^, x iq ) is a prime ideal, (x h , x iq ) is an 
associated prime of (I(H) V ) 2 . □ 

The incidence matrix of a hypergraph with v vertices and e edges is the v x e matrix 
with = 1 if Xj is a vertex of the j'th edge, and dy = otherwise. If there does not exist 
a square submatrix with an odd number of columns such that each row and column has 
exactly 2 ones, then the hypergraph is called balanced. It is shown in Proposition 4.11 of 
[2] that a balanced hypergraph has no non-minimal associated primes. In the case of a 
2-hypergraph (a simple graph), balanced is equivalent to bipartite. 

This condition is sufficient to show that a hypergraph has no non-minimal associated 
primes, but it is not necessary, as shown by this example, of the 3-hypergraph given by 
the edge ideal / = (X1X2X3, X3X4X5, X5X6X1, X2X3X4), which is not balanced, but has no 
non-minimal associated primes. 

In the case of 2-hypergraphs, there is a simple necessary and sufficient condition for 
(I v ) 2 to have no nonminimal associated primes, which we state in Theorem 11.51 below, 
with a very simple and direct proof. Theorem 11.51 is also a consequence of facts proven in 
Theorem 5.1 of [3]. 

A 2-hypergraph with vertex set V and edge set E is called bipartite if there exist two 
subsets A C V, B C V such that V = AU B, AnB = (/) and {xj, xj} G E implies either 
Xj G A, Xj G B or x, G B, Xj G A. 

Theorem 1.5. Suppose / is the edge ideal of a 2-hypergraph G (a simple graph). Then the 
following are equivalent: 

1. G is bipartite 

2. The 2-cover (1, 1, 1) is a sum of two 1-covers 

3. (/ v ) 2 has no non-minimal associated primes. 

Proof. (2 =^> 1) Suppose G is a 2-hypergraph of size n. Suppose (1, 1, 1) is the sum of 
two 1-covers, Q and P. Then each component of Q and P must be either 1 or 0. Further, 
if qi = 0, pi = 1 and vice versa. Let A = {xj | qi = 1} and B = {xj | pi = 1}. Then we 
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have V = A U B and A n B = 0. Further, since Q an d P are both 1-covers, each edge 
must have at least one vertex in A and B. Thus G is bipartite. 

(1 => 3) Suppose G is bipartite. Let A C V , B C V such that V = iUB, ,4 n £ = 
and G -E implies either Xi G A, xj £ 5 or £ 5, xj G A Let S 1 be an 

independent set in G. Let A 1 = (oj, ...,a n ) where ctj = if Xj G 5, = 1 if Xi G N(S), 
(H = 1 if Xi G (V - 5 - iV(5)) n A, and Oj = if a? 4 g (F - 5 - iV(5)) n A. Similarily, let 
B' = (h,...,b n ) where ^ = 0ifx; G 5, 6; = lifx* G N(S),bi = lifx, G (V-S'-JV^JJnS, 
and 6i = if x { £ (V - S - N(S)) n B. Then A + 5 = A s . Let {x;,Xj} G E. Then 
{xi,Xj} is not a subset of 5. Suppose one of Xi,Xj is in S. Then the other is in N(S), so 
Oj + dj = bi + bj = 1. Now suppose {xj, Xj} PI S = 0. Then {xj, x^} CF-S - N(S), and 
one of Xj,Xj is in j4 and the other is in B, so we have either X{ G (V — S — N(S)) fl ^4, 
Xj G (V — S — N(S)) (1 B or vice versa. Either way, a« + a-,- = 6j + 6j = 1. Thus A' and 
B' are both 1-covers, so each A s is a sum of two 1-covers and by Theorem II. 3 ( (I v ) 2 has 
no non-minimal associated primes. 

(3 =>■ 2) Suppose (I v ) 2 has no non-minimal associated primes. Then by theorem 11.31 
Aq = (1, 1, 1, 1) is the sum of two 1-covers. □ 

Theorem 11.31 gives a generalization of Theorem 11.51 to m-hypergraphs. However, the 
combinatorial conditions on Theorem 11.31 are much more complicated on hypergraphs. 
For example, the 2-cover (1, 1, 1) can be the sum of two 1-covers when there are non- 
minimal associated primes. An example of an edge ideal for such a situation is 

I = (xiX2X 3 ,X3X4X5,X 5 X 6 Xi). 

In fact, in m-hypergraphs it is difficult to find an example for which (1, 1, 1) is not the 
sum of two 1-covers. However, the complete 3-hypergraph on 10 vertices has this property 
(A complete m-hypergraph is an m-hypergraph for which every collection of m vertices is 
connected by an edge). 

An induced subhypergraph on a subset of the vertex set of an m-hypergraph is the m- 
hypergraph formed by the subset of the vertex set and the subset of the edge set consisting 
of all edges for which all the vertices on the edge are in the subset of the vertex set. 

A theorem that provides some insight into the structure of associated primes of (I v ) 2 

is: 

Theorem 1.6. Let H be an m-hypergraph of size n. Then the ideal (x^ , Xj ) C 
K[xi, x n ] is an associated prime of (I(H) V ) 2 if and only if the ideal (xi 1: ...,Xi ) C 
Xj 15 ...,XjJ is an associated prime of (I(H') V ) 2 where H 1 is the induced subhypergraph 
on Xi 1 , Xi q . 

Proof. Suppose (x^, ...,Xj ) C K[x^, ...,XjJ is an associated prime of (I(H') V ) 2 where H' 
is the induced subgraph Suppose q = m. Then (x^ , Xi q ) is a minimal 

prime, and {x^, Xj } is an edge in both H and H' , so (x^, ...,Xj 9 ) is an associated prime 
in (I(H) V ) 2 . Now suppose q > m. Then there exists a 2-cover of H', C = (cj ls ...,Cj ), 
such that C is not the sum of two 1-covers, but if we add 1 to the i^th component of C 
for any k, we obtain a 2-cover that is the sum of two 1-covers. Let T = (t\, t n ) be such 
that ij. = Cj. and t\ = 1 whenever I ^ ij for all j < q. Let {x pi , ...,x Pm } be an edge in H. 

Suppose {x Pl , x Pm } is also an edge in H'. Then t pi H \~t Pm = c pi -\ hc Pm > 2 since 

C is a 2-cover. Suppose at least one of x pi , x Pm , say x Pj , is not in H'. Then t Pj = 2, so 
t pi +- ■ ■+t Pm > 2. Thus T is a 2-cover of H. Suppose T = D+E where D = (d%, d n ) and 
E = ( ei ,..., e n ) are 1-covers of H . Then for all edges {x pi , x Pm \ in H, d pi + • • "\~d Pm > 1 
and e pi + ■ ■ • + e Pm > 1. Specifically, I?' = (d^ , cZf ) and = (e^ , ej ) are 1-covers 
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in H'. Further, E' + D' = C, which cannot happen since C is not the sum of two 1-covers. 
Thus T is not the sum of two 1-covers. Now we must show that if we add 1 to the i^th 
component of T for any k, we obtain a 2-cover that is the sum of two 1-covers, and that if 
we add 1 to any other component, we do not. Let F = (/i, f n ) where fi k = 1 for some 
k, and fi = everywhere else. Let F' = (f^, fi q ). Then there exist two 1-covers of H', 
A' = (a' h ,...,a' iq ) and B' = (b' h , ...,b' iq ) such that A' + B' = F' + C. Let A = (ai, a n ), 
B = (bi,...,b n ) where a^. = a[., b^ = b\. and a» = 6« = 1 everywhere else. Then we have 
A and B are 1-covers on H and A + B = F + T. Now let F be any 0-cover such that 
fi = for all k. Then F' = (0, 0), and so the same argument that shows that T is not 
the sum of two 1-covers shows that F + T is not the sum of two 1-covers. Thus the ideal 
(xj-L, Xi ) C K[xi, ...,x n ] is an associated prime of (I(H) V ) 2 . 

Now suppose the ideal (x^, ...,Xi ) C K[xi, ...,a? n ] is an associated prime of (I(H) V ) 2 . 
Suppose q = m. Then we {xi 1} Xi ) is minimal and so is an associated prime of 
(I(H') V ) 2 . Now suppose q > m. Then there exists a 2-cover C = (ci,...,c n ) such that 
C is not the sum of two 1-covers, but if we add 1 to the i^th component of C for any k, 
we obtain a 2-cover that is the sum of two 1-covers, and that if we add anything to any 
other components, we do not. Let H' be the induced subhypergraph on {x^, ...,Xi q }. Let 
C = (c^,...,cQ where = c iy Let {x Pl , x Pm } be an edge in H' . Then {x Pl , x Pm } 
is also an edge in H. Thus c pi + • • • + c Pm = d pi + ■ ■ ■ + c' Pm > 2. Thus C is a 2-cover of 
H' . Suppose C is the sum of two 1-covers. We have C = A' + B' where A' = (a[ , ■■■,a' i ), 
B' = (6^, ■■■,b' i ) are 1-covers of H'. Let {x Zl , ...,x Zr } be the set of vertices not in H'. Let 

W = (wi, ■■■,w n ) be a 0-cover of H such that W = x\ x ■ ■ ■ x 2 Zr C. Then, for any vertex xj 
not in H' , Wj > 2. Let F = (f\, f n ) be such that fi = if x% is in H' , fi = l otherwise. 
Let G = (gi, ■~,g n ) such that g± = if x% is in g% = W{ — fi otherwise. Then we have 
for each X{ not in H' , gi > fi = 1. 

Let ^4 = (oi, ...,a n ) where a^. = a', for 1 < j < q, = everywhere else. Similarly, 
let B = (b\,...,b n ) where 6j. = 6^. for 1 < j < q, b^ = everywhere else. Then W = 

(A+F) + (B+G). For each edge {x Pl , ...,x Pm } not in H',g pl -\ Vg Pm > f Pl -\ Yf Pm > 1, 

and for each edge {x pi , —,x Prn } in H', a pi + ■ ■ ■ + a Pm > 1 and b pi + h 6 Pm > 1. Thus 

is the sum of two 1-covers. However, this is contrary to the initial supposition about 
C, namely that if we add anything to components outside H', we do not obtain a sum of 
two 1-covers. Thus C is not the sum of two 1-covers. Now we must show that for any xi . , 
XyC corresponds to a sum of two 1-covers. By our initial supposition, x^C = ET where 
E = (ei,...,&n) andT = (t\, ...,t n ) are 1-covers. Let E' = (e h , e iq ) and V = (t h , t iq ). 
Then T' and E' are 1-covers in H' Further, T'E' = Xi-C . Thus we have (x^, ...,X{-) is an 
associated prime of (I(H') V ) 2 . □ 



2. M-HYPERGRAPHS 

In this section we investigate the non- minimal associated primes of (I v ) 2 in terms of 
properties of the hypergraph. The motivation is the following theorem for 2-hypergraphs 
(simple graphs) proven in pp. 

Define a cycle as an ordered set C = {x^, Xi 2 , Xi n } C V such that for 1 < j < n, X{. 
and Xi j+1 are connected by an edge on the induced subhypergraph, and x^ and Xi n are 
connected by an edge. The size of the cycle is the size of C. 
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A cycle C is called induced if C is not a cycle in the graph formed by the removal of any 
edge from the induced subgraph on C. If a cycle is not induced, it is called non-induced. 
The theorem is: 

Theorem 2.1. (Theorem 1.1 pQ) Let G be a simple graph (a 2-hypergraph). A prime ideal 
P = ...,Xj r ) is an associated prime of (I(G) V ) 2 if and only if: 

1. P = (xi 1 ,Xi 2 ) and {x^^x^} is an edge in G, or 

2. r is odd and the set ...,Xi r } is an induced cycle in G for some ordering. 

We observe that the primes P in 1 are the minimal primes of (I v ) 2 (and (I v )) and that 
a graph G is bipartite if and only if it has no induced cycles of odd size. We thus recover 
Theorem 11.51 from Theorem 12.11 

We can easily obtain the following result from Theorem 12.11 

Theorem 2.2. Let P C K\ X\, ...,x n ] be a monomial prime. Then P is an associated prime 
of (I(G) V ) 2 for some 2-hypergraph G of size n if and only if height(P) > 2 or height(P) 
is an odd integer greater than or equal to 3. 

In the case of an m-hypergraph H, the minimal primes of (I v ) 2 are the primes (x^ , xi m ) 
such that {xi x , ...,Xi m } is an edge of H, as follows from equation ([1]). Thus statement 1 of 
Theorem 12.11 generalizes immediately to m-hypergraphs. However, Theorem 12. 2 1 and state- 
ment 2 of Theorem 12.11 are only applicable to 2-hypergraphs. In contrast with Theorem 
12.21 we have the following theorem for 3-hypergraphs. 

Theorem 2.3. Let P C K[xi, ■~,x n ] be a monomial prime. Then P is an associated prime 
of (I(H) V ) 2 for some 3-hypergraph H of size n if and only if height(P) > 3. 

The proof of this theorem will be given after Theorem 12.41 which is the essential case 
of the proof. 

Theorem 2.4. For all n > 3, there exists a 3-hypergraph of size n with edge ideal I such 
that there is an associated prime of (/ v ) 2 of height n. 

Proof. We will prove the theorem in 4 cases. 

Suppose n is an odd number of the form At+1 greater than 3. Let H be the 3-hypergraph 
with vertex set V, edge set E and edge ideal / such that 

(2) I = (xiX 2 X 3 , X3X4X5, X 5 XqX 7 , ...,X n - 2 %n-lXn, X n X\Xi). 

Let S = {X2, x±, xq, x n _i} where Xj G S if and only if i < n is even. Clearly, S is an 
independent set. Further, N{S) = 0, so A s = (ai, 02, a n ) where dj = 1 if i is odd, 
and ai = otherwise (we use the notation preceding Proposition II. 2p . We will now show 
that A s is not the sum of two 1-covers. Suppose A s = Q + P where Q = (q\, q n ) and 
P = (pi)---)Pn) are 1-covers. Without loss of generality, assume q\ = 1, p± = 0. Since 
ai = for i even, qi = Pi = for i even. For all odd k < n, {xk, Xk+i, Xk+2} is in E. 
Thus if k < n is odd, and qk = 1, we have pu = 0, qk+2 = 0, and Pk+2 = 1- Similarily, if 
Pk = 1, we have qk = 0, = 0, and qk+2 = 1- We will show by induction that qi = 1 
if and only if i is of the form At + 1. Suppose % = 1 if and only if i is of the form An + 1 
for all z < Aj + 1. Then we have 54^+2 = <?4j+4 = since 4j + 2 and 4j + 4 are even, 
and (?4j+3 = since q^j+i = 1 and Aj + 1 is odd. Further, p^j+s = 1. Thus ^+5 = 1. 
4 j + 5 = 4(j + 1) + 1. Thus by induction, qi = 1 if and only if i = At + 1 for some t. 
Further, since A s = Q + P, pi = 1 if and only if z = At + 3 for some t. Since n is of the 
form At + 1, pi = for i £ {n, 1, 2}. But {x n , xi, X2} € Thus P is not a 1-cover, which 
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is contradiction. Thus we see that A s is not the sum of two 1-covers, and so A s is not in 
(P 7 ) 2 . Now we must show that ((P 7 ) 2 : ~A~ S ) = (xi ,X2, • x n ). This is equivalent to proving 
that XiA s G (P 7 ) 2 for all i < n. Let k < n. Suppose k is odd. Then let Q = (q±, .. .,q n ) 
where q\ = 1 and qi = 1 for all odd i of the form At + 1 less than or equal to k and % = 1 
for all odd i of the form At + 3 greater than or equal to k, and % = everywhere else. 
Let P = {pi, ■■■,p n ) where Pi = I for all odd i of the form At + 3 less than or equal to k, 
Pi = 1 for all odd i of the form At + 1 greater than or equal to k , and p« = everywhere 
else. Then it is clear that x^A s = Q + P. For all odd i, either qi = 1 and Pi- 2 = 1 or vice 
versa. Also, p n = 1, so Q and P are 1-covers. Suppose k is even, and of the form At. Let 
Q = (qi, q n ) where q k = 1, q± = 1 and % = 1 for all odd i of the form At + 1 less than 
or equal to A; and % = 1 for all odd i of the form At + 3 greater than or equal to fc, and 
qi = everywhere else. Let P = (pi, ...,p n ) where pi = 1 for all odd i of the form At + 3 
less than or equal to k, pi = 1 for all odd i of the form At + 1 greater than or equal to fc , 
and p« = everywhere else. Then it is clear that XkA s = Q + P. Then for i 7^ /c + 1, either 
qi = 1 and pi-2 = 1 or vice versa. Further, for i = k + 1, pi = pi~ 2 = 1, but q^ = 1. Thus 
Q and P are 1-covers. Finally, suppose A; is of the form 4i + 2. Let Q and P be as in the 
previous cases, with the difference that q^ = and Pk = 1. Then once again, Q and P are 
1-covers and = Q + P. Thus € (P 7 ) 2 . Therefore (xi,x 2 , —,x n ) = ((P v ) 2 : 

is an associated prime of (I v ) 2 . 

Now suppose n is an odd number of the form At + 3 greater than 3. Let 

(3) / = (XIX 2 X 3 , £3X4X5, X 5 XqX 7 , X n - 2 X n -lX n , X n XlX 2 ,X4X 5 X 6 ). 

Let S = {x 2 , X5, X8, xio, x± 2 , x n _i}, so Xj G S 1 if and only if i = 5, i = 2, or z is an 
even number greater than or equal to 8 and less than or equal to n — 1. S 1 is clearly an 
independent set, and N(S) = 0. We will show that A s = (ai,...,a n ) where Oj = if 
Xi G S and cij = 1 if Xj ^ S 1 is not the sum of two 1-covers. Suppose A s = Q + P where 
Q = (qi,...,q n ) and P = (pi,...,p n ) are 1-covers. Without loss of generality, suppose 
qi = 1. Then we must have ^3 = 1, q^ = 1, p$ = 1, and 57 = 1 since Q an d P are 
1-covers. Now we may use the argument in the proof of part 1 to say that if i is greater 
than 7, qi = I if and only if i is of the form At + 3, and pi = 1 if and only if i is of the 
form At + 1. However, we now have pi = for i G {n, 1, 2} since n is of the form At + 3. 
But {x n ,xi,X2} G P, so P is not a 1-cover. Thus A s cannot be written as the sum of 
two 1-covers. Thus A s ^ (P 7 ) 2 . Now we must show that XiA s G (P v ) 2 for 1 < % < n, 
which once again means we must show that XiA s corresponds to a sum of two 1-covers. 
Let Q and P be as just defined, so Q + P = A s , but P is not a 1-cover. Let k < n. Let 
P = (/1, /„), G = (gi, ...,g n ), where /; = % for i < k, fi = pi for i > k, and g { = pi for 
i < k and ^ = % for i > fc. and f k = gfc = 1 if afc = 1, A = 1, 9k = if p^-i = 1, and 
vice versa if qt-i = 1- Then we will have P + G = XkA s and P and G are 1-covers. Thus 
x^Ag G (P 7 ) 2 ) an d so (xi, ...,x n ) is an associated prime of (P v ) 2 . 

Now suppose n is an even number, and n = Az + 2 for some z >1. Let 

(4) / = (X1X2X3, X3X4X5, x 5 x 6 x 7 , X n _ 3 X„_ 2 X n _l, X„_lX n Xl). 

Let 5 = {x2, X4, x n }, where Xj G 5 if and only if i < n is even. 5 is clearly independent, 
and N(S) = 0. We will show that A s = (a\, ...,a n ) is not the sum of two 1-covers. Note 
that all the components of A s are either 1 or 0. Further, note that any vertex in the 
hypergraph is included in at most 2 edges. Thus if W = (wi, w n ) is some element of 
N n whose components are either or 1 and has q ones, then at most 2q edges {xi,Xj,Xk} 
have the property Wi + Wj + Wk > 1. Thus in order for an element of N ra whose components 
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are all or 1 to be a 1-cover, at least 9 components must be 1 since our hypergraph has 
§ edges. Since n = Az + 2, this means that a 1-cover must have at least z + 1 non-zero 
components. ^4 S has ^ = 2z + 1 components whose value is 1. Thus if A s = Q + P 
where Q is a 1-cover, P can have at most z non-zero components, and so P is not a 
1-cover. Therefore A s is not a sum of 1-covers, and Ag £ (I v ) 2 - Now we must show that 
XfcAj G (P 7 ) 2 for all k < n. Suppose k odd. Let Q = (qi,...,q n ), P = (pi,...,p n ) where 
qi = 1 for odd i < k of the form 4t + 1, g$ = 1 for odd i > A: of the form 4i + 3, q^ = 1 
and all other qi = 0. Similarily, let Pi = 1 for odd i < k of the form 4t + 3, pj = 1 for odd 
i > k of the form At + 1, = 1 and all other = 0. Then it is clear that Q + P = x^Ag. 
Further, Q and P are 1-covers. Suppose k is even. Let Q and P be as before, with the 
alteration that q^ = 1 if only if k is of the form At, and = 1 if only if k is of the form 
At + 2. Then once again, Q + P = XkA s and Q and P are 1-covers. Thus (x±, ...x n ) is an 
associated prime of (I v ) 2 - 

Now suppose n is an even number, and n = Az for some z > 1. Let 

(5) / = (xix 2 x 3 , x 3 x 4 x 5 , 25X6X7, x n ._ 3 a; n -2Xn-l I x n -\x n x\, x 2 x 3 x 4 ). 

Let S" = {x 3 ,X6,x§, •••j£n} ) so Xj G <S if and only if i = 3 or i is an even number greater 
than or equal to 6 and less than or equal to n. S is clearly independent, and N(S) = 0. 
Again, we will show A s = (ai, a n ) is not a sum of 1-covers. Suppose A s = Q + P where 
Q = (qi,...,q n ) and P = (pi,...,p n ) are 1-covers. Without loss of generality, suppose 
qi = 1. Then we must have P2 = 1, 94 = 1 and p§ = 1 in order for Q and P to be 1-covers. 
Now we may use an argument as in the previous cases to show that for i larger than 5, 
qi = 1 if and only if i is of the form An + 3 and pi = 1 if and only if i is of the form An + 1. 
However, = for i G {n — l,n, 1} since n = Az. Since {x n _i,x n ,xi} G E, P is not a 
1-cover. Thus A s is not a sum of two 1-covers. Now we show that x^Ag G (/ v ) 2 for all 
k < n. Let F = (/1, f n ), G = (gi,...,g n ) be defined as follows. Let F be such that 
fi = qi for i < k, fi = pi for i > k, = 1 if = 1 or = 1 and /fc = otherwise. 
Similarily, let G be such that gi = pi for i < k, gi = qi for z > k, g^ = 1 if = 1 or 
qk~i = 1 and 5^ = otherwise. Then P and G are 1-covers and P + G = x^^s- Thus 
(sci, x n ) is an associated prime of (I v ) 2 - □ 

Now we will prove Theorem 12.31 Suppose a monomial prime P C P^[xi, ...,x n ] is an as- 
sociated prime of (I(H) V ) 2 for some 3-hypergraph H . Since the minimal associated primes 
of (I(P) V ) 2 are of height 3, height(P) > 3. Suppose P C K[ xi, x n ] is a monomial prime 
with height(P) > 3. Then P = (x^, ...,Xj r ) for some 1 < i\ < ■ ■ ■ < i r < n. By Theo- 
rem [231 there exists a 3-hypergraph H of size r such that the ideal Q = (x^, ...,Xj r ) C 
K[xi x , ...,Xj r ] is an associated prime of (I(P) V ) 2 . Let H' be the 3-hypergraph with vertex 
set {xi, x n } and the same edge set as H. Then, because they have the same generators, 
(I{H') y ) 2 = (I(P) v ) 2 i^[xi, ...,x n ]. Further, P = K[x u x n ]Q, so P is an associated 
prime of (I(H') V ) 2 . Thus we have a 3-hypergraph of size n such that P is an associated 
prime of the square of the Alexander dual of the edge ideal. 

A hypergraph is connected if for any two vertices x« and Xj , there exists an ordered set 
of vertices {x pi , ...,x Pq } such that x pi = Xj, x Pq = Xj and x Pk is connected by an edge to 
x Pk+1 for all k < q. 

Corollary 2.5. For any integers n and q, n > q > 3, there exists a connected 3-hypergraph 
of size n such that the square of the Alexander dual of the edge ideal has an associated 
prime of height q. 
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Proof. In all cases of the proof of Theorem 12,41 the hypergraphs used were connected. 
Thus for any q > 3 we have a connected 3-hypergraph of size q such that the square 
of the Alexander dual of the edge ideal has an associated prime of height q. Let H' be 
such a hypergraph, with the vertex set of H equal to {xi, ...,x q }. Then add the vertices 
{x q+ i, ...,x n } and the edges {x\, x 2 , x q+ i}, {x\, x 2 , x q+ 2},.-,{xi, x 2 , x n }. Call this new 
graph H. Then H' is an induced subhypergraph in H. Thus by Theorem 11,61 (I(H) V ) 2 
must have an associated prime of height q. □ 

Theorem 12,31 also generalizes very nicely to m-hypergraphs where m > 3. 

Theorem 2.6. Let P C K\ xi, ...,x n ] be a monomial prime, n > m > 3 an integer. Then 
P is an associated prime of (I(H) V ) 2 for some m-hypergraph H of size n if and only if 
height(P) > m. 

Proof. Let P C K[ xi,...,x n ] be a monomial prime, m > 3, P an associated prime 
of (I(H) V ) 2 for some m-hypergraph H. Then, since the minimal associated primes of 
(I(H) V ) 2 are of height m, height(P) > m. 

To prove the rest of the theorem, we will first show that for any q > m, there exists an 
m-hypergraph H of size q such that (I(H) V ) 2 has an associated prime of height q. 

Let q > m. Then q — m + 3 > 3. Thus, by Corollary 12.51 there exists a 3-hypergraph 
H of size q — m + 3 such that the the maximal monomial prime is an associated prime of 
(I(H) V ) 2 . Let V = {x%, Xq-m+z} be the vertex set of H and E be the edge set of H. 
By Theorem 11.41 there exists a 2-cover of H, C = (a±, aq_ m+ 3) such that C is not the 
sum of two 1-covers, but for all Xi, l<i<q — m + 3, the 2-cover corresponding to X{C is 
a sum of two 1-covers. Define H' to be the m-hypergraph with vertex set V = {xi, x q } 
and edge set E' consisting of the sets S' of vertices satisfying S'n{xi, ...,x q - m+ 3} £ E and 
S' n {x g _ m+4 , ...,x q } = {xg_ m+4 , ...,x q }. Suppose that T = (ti,..,t q - m+3 ) is a A;-cover of 
H. Define a g-tuple T' = (t%, t q - m+ 3, 0, ...,0). T' is a /c-cover of i?'. We shall say that 
T' is the extension of T. Also, if X, Y, and Z are /c-covers of -ff such that X + Y = Z, it 
is clear that X' + Y' = Z'. Thus C is a 2-cover of H'. Further, C' is not the sum of two 
1-covers. For i < q — m + 3, the extension of the 2-cover corresponding to X{C corresponds 
to XiC . Thus, for i < q — m + 3, XiC corresponds to a sum of two 1-covers. Further, for 
i > q — m + 3, the (/-tuple (0, 0, 1, 0, 0) with a 1 in the ith component is a 1-cover of 
H' since x% € S' for all S' G E' . Thus XiC corresponds to a sum of two 1-covers for all 
Xi. Therefore (I(H') V ) 2 has an associated prime of height q. We note here that if H is 
connected, H' is connected. 

Now suppose that P = (x^ , Xi ) C K[ monomial prime, with height (P) > 

Tn > 3, W an m-hypergraph of size n such that the induced sub-hypergraph on {x^, ...,Xi q } 
has an associated prime of size height (P). 

Such an m-hypergraph W can be constructed as follows: Let Z be an m-hypergraph 
of size g=height(P) with vertex set V = {x^ , Xi } and edge set E such that P' = 
(xjj , Xi q ) C K[xi x , Xi q ] is an associated prime of (I(Z) V ) 2 . Let W be the m- 
hypergraph with vertex set V = {xi, ...,x n } and edge set E' such that 

E = E , U{{x il ,...,x im _ 1 ,x j } | sj- G F'-y}. 

We note that if Z is connected, is connected. Then Z is the induced sub-hypergraph 
of W on {xi 1: ...,Xi }, so by Theorem 11.61 P is an associated prime of (/(l^)^ 7 ) 2 . □ 

Note Corollary 12.51 also extends to m-hypergraphs, that is 
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Corollary 2.7. For any integers n, q, and m, n > q > m > 3, there exists a connected 
m-hypergraph of size n such that the square of the Alexander dual of the edge ideal has 
an associated prime of height q. 

Proof. By Corollary 12.51 we have a connected 3-hypergraph H of size q — m + 3 with an 
associated prime of height q — m + 3. We can extend this to an m-hypergraph H' of size 
q with an associated prime of height q using the method in the proof of Theorem 12.61 
Since H is connected, H' is connected. By the method in the last paragraph of the proof 
of Theorem 12.61 we can extend H' to an m-hypergraph H" of size n with an associated 
prime of height q. Further, since H' is connected, H" will be connected as well. □ 
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